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STARLIKENESS OF SOME UNIVALENT FUNCTIONS
MANPREET KAUR !, SUSHMA GUPTA 2 AND SUKHJIT SINGH 3

ABSTRACT. In the present paper we study a class AN'()\) consisting of analytic functions f

which satisfy the condition

- (5) o ()

where 0 < A < 1 and f(z)/z # 0 in the open unit disk E. For given real numbers

<A

— )

a,0 < a <1,or~v,0 <~ < 1, we determine ranges of A such that functions in N(\)

are strongly starlike of order « or starlike of order ~.

1. INTRODUCTION

Let A denote the class of all functions f that are analytic in the open unit disk £ = {z :
|z| < 1} and are normalized by the conditions f(0)=f'(0) — 1 = 0. We denote by S the
subclass of A consisting of functions univalent in £. A function f € A is said to be starlike
in E if f is univalent and f(E) is starlike domain with respect to z = 0. The class of all

starlike functions is denoted by S&*. It is well known that f € A is starlike with respect to

Re (i{é?) >0, z € E.

For 0 < < 1, we define the class S*(7) (called the class of starlike functions of order v) as

S*(v) = {feA:Re (Z;;S)) > 7, zeE}.

Clearly, §*(0) = §*. A function f € A is said to be strongly starlike of order o, 0 < a < 1
in £ iff it satisfies |arg (zf'(2)/f(2))| < an/2, z € E. We denote by S, the class of all such
functions. Note that & = §*(0) = S*. For 0 < o < 1, S, consists only of bounded starlike
functions and therefore, the inclusion S, C S* is proper.

We say that f € R(vy),y € (0,1] if f € A and |arg f'(z)| < y7/2. Tt is well-known that the

the origin if and only if

under:
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functions in R(1) are Close-to-convex and hence univalent in E (see, [2, 14]).

For two functions f and g analytic in E with f(z) = Y 2 a,2" and g(z) = > " b,2",
their convolution or Hadamard product is denoted by f % g and is an analytic function in
defined by

(e 9]

(f*xg)(z) = Zanbnz”.

n=0

For a real number A\, A > 0, and an analytic function f with z/f(z) # 0 in E define

u(A){feA:f'<z>(ffz>)21<W€E}v
pov={rea:|(55) <n s},

M(A):{feA: (f— + 1 >(ﬁ)2—1 g)\,zeE},
N(A):{feA: ( > )(fé))Q—l SA,ZEE}.

Denote the classes U(1),P(1), M(1) and N (1) by U, P, M and N, respectively.

The study of these classes started in 1972 when Ozaki and Nunokawa [9] proved that
the functions in U (\) are univalent for 0 < A < 1. In 2001, Obradovi¢ and Ponnusamy [4]
proved that P(2)\) C U(N). Tt is easy to observe that the Koebe function z/(1 — 2)? belongs
to U but U ¢ S* (see[l]). Ponnusamy and Vasundhra [12] obtained conditions on A so that
U(X) C S*. For further details on these classes including some interesting generalizations we
refer to [3, 4, 8, 11, 12, 13].

In 2011, Obradovié¢ and Ponnusamy [5] studied the class M(\) and further, in 2012 , in [6],
they investigated the class N and proved the strict inclusions N C M C P CU C S. They
also obtained some necessary and sufficient conditions for functions to be in the class N and
conjectured that N is not contained in S*. The work presented in this paper is inspired by
this open problem. We study the class N (\) where 0 < A < 1 and find conditions on the
parameter \ so that the the functions in the class N'()\) are starlike or are strongly starlike
of some order. We also find N-radius of a function defined in terms of a function in the
class U. Note that for two subclasses F and G of A, we say that rq is the G-radius in F

if for every f € F,r ' f(rz) € G for r < ry and ry is the maximum value for which this holds.
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2. PRELIMINARY LEMMAS

Let P, denote the class of functions p analytic in £ such that p*)(0) = 0 for k = 0,1,2.....n,
where p©(0)=p(0). Similarly with w® (0)=w(0), we set B,={w: w is analytic, |w(z)| < 1
in £ and w®(0) = 0 for k = 0,1,2...n }. For each w(z) € By, Schwarz’s lemma gives:
lw(z)| < |2 forn =0,1,2,..kand z € E .

To prove our results, we shall need the following lemmas.

Lemma 2.1. [7, Lemmalc| Let f € U have the series representation z/ f(z) = 14+> .~ | b,2".
Then

[e.e]

> (n—17p, > < 1.

n=2

Lemma 2.2. 6, Theorem 2] Let ¢(z) = 1+ b,2™ be a non-vanishing analytic function
in E and that it satisfies the condition

[e.9]

D (n=1)ba| < 1.

n=2

Then the function f(z) = z/¢(z) is in N.

3. MAIN RESULTS

In the following result we determine a range of A such the A'(\) C S, for some given real

number «,0 < a < 1.

Theorem 3.1. Let f(z) = z + a22® + azz® + - -+ be in N(N\) and let a,0 < o < 1, be some
real number and |ay| < sin(an/2).Then f € S, provided 0 < X\ < A\ (a, |az|), where

Ml as]) = —las| cos(am/4) + s;nc(ggéi)/i;lcos?(wr/él) - |a2|2‘ (3.1)

Proof. As f € N(\), so there exists a function w € B; such that

- (ﬁ) + f(2) (%)2 — 1= w(2). (3.2)

s i) (i) e

Write
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Obviously, p is analytic in £ with p(0) = p’(0) = 0. Hence p € Py. Then (3.2) is equivalent

to
2p'(2) — 20/ (2) + p(2) = dw(2). (3.4)

Now, let
p(z) = Zpkzk and w(z) = Zwkzk.
k=2 k=2
A comparison of the coefficients of z¥ on both sides in (3.4) gives that
_M g ) > 2.

Pr= (k- 1)2
Using this, we see that

- Wi > 1
p(z) = /\Z = 1)22k = dw(z) * Z ﬁzkﬂ
k=2 k=1

Next, we recall (see [10]) that

o0 a

1 i 1 1 ot
Z = log(1/¢))¢ dt f —1 and 1
1 (k? + a)qz F(q) /Ov Z( Og( / )) 11—t or Re a > and Re q>

Using this result, it follows that

p(z) = dw(z) * 22/0 %dt

~ ) /O ng) log(1/4)dt. (3.5)

As w € By, from Schwarz’s Lemma it follows that |w(tz)| < |(¢2)]* and, in view of (3.3) and
(3.5), we find that

which gives
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In view of (3.3), we can write (3.5) as

—z (ﬁ -1+ agz)/ + (%@ -1+ a2z> = A/Ol wgiz) log(1/t)dt

From this we easily obtain

ﬁ 1 —ape— % /0 1 wif;z) (log(1/£))%dt. (3.7)
Then, as w € By and z € E, we have
] - ]<|azr|z|+ / )] g1 /1))

< faal2] + e’ / (log(1/1))%d
0
)\ 2
< faslle] + T3P,
< |CL2| + A

From the above inequality we conclude that

arg (ﬁ) ‘ < arcsin(|as| + N). (3.8)

o (65) =m0 () | e ()

Using (3.6) and (3.8), we obtain
e |16 (725) ||+ e ()

Further

+

()|

< arcsin(A) + arcsin(|az| + A).

Now, the desired conclusion follows if
arcsin(\) + arcsin(Jag| + A) < %.

It is easy to verify that we can apply the result: arcsin(z) + arcsin(y) = arcsin(xzy/1 — y% +
yv1—22), 2,y € [-1,1] and 22 + y* < 1. Therefore, f € S,, whenever

arcsin [)\\/1 ~(Jaa| + N2 + (Jas| + VI = 22| < %
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Equivalently,

. arm
A/t (ool + )2 < sin - — (Jaa| + M)V =22
Squaring both sides of above inequality and then simplifying the resulting terms, we see that

it is equivalent to

2
[\/1 — A2 sin% — (|ag] + )| > A?cos? a77r

or,

V1-— /\28111% — (lag| +X) > /\coso;—7r
A simple calculation shows that above inequality is equivalent to

202 4 2|\ — () — laaf?

which holds true for 0 < A < A (a, |as]), where (o, |as]) is given by (3.1). O

For a = 1, Theorem 3.1 immediately implies the following result.

Corollary 3.2. If f(z) = z + as22 + azz® + -+ be in N(\) and |ao| = |f”(0)]/2 < 1, then
f € S* whenever 0 < \ < M

Remark 3.3. In Theorem 3.1, if we replace A\, by A/2, we obtain the following result of
Obradovié¢ and Ponnusamy [4, Corollary 1.10] :

If 0 < X < (—|f"(0)] cos(ra/4) + sin(ra/4)\/16 cos?(ma/4) — | f7(0)]2)/2 cos(mar/4) with
a € (0,1], then we have the inclusion P()\) C S,.

Theorem 3.4. Let f(2) = z 4 a22® + azz® + -+ be in N(\) with |as] = |f"(0)]/2 < 1,
v € (0,1] and A, satisfy the inequality

V1= A2sinym/2 > 2(|as| + A)v/1 — (Jag| + N2 + Acosym/2. (3.9)
Then f € R(7y) for 0 < X < A,.

Proof. Since

larg f'(2)] < +2

Y

s (700)

larg f'(2)| < arcsin(\) + 2 arcsin(|ag| + A). (3.10)

w0 (525

Using (3.6) and (3.8) in above inequality, it follows that




International Journal of Research in Advent Technology, Vol.5, No.11, November 2017
E-ISSN: 2321-9637

Available online at www.ijrat.org

Then from (3.10), we see that |arg f'(z)| < y7/2 holds in E whenever
arcsin(\) + 2 arcsin(|ag| + A) < y7/2. (3.11)

Using the formula 2 arcsin(x) = arcsin(22v/1 — 22),z € (—1/v/2,1/4/2) and then by a com-
putation and simplification, we find that inequality (3.11) is equivalent to (3.9). O

If ap = 0 and v = 1, then Theorem 3.4 gives :

Corollary 3.5. If f(2) = z+azz® +asz* -+ be in N(A\) and 0 < X < 1/2, then Ref'(z) > 0
n b

Remark 3.6. In Theorem 3.4, if we replace A by A/2, we obtain the following result of
Obradovié¢ and Ponnusamy [4, Corollary 1.13] :

Let f € P(A). Suppose 0 < A < 2 and 0 < v < 1 are given by sin(ny/2)v4 — A2 >
(1£7(0)] + N)/4 — (] f7(0)] + A)? + X cos(77y/2). Then we have P(\) C R(7).
In the next result, we find conditions under which functions in A (\) belong to S*(),0 <

v <1

Theorem 3.7. If f(z) = z + ag2® + azz® + -+ be in N(\) and |as| = |f"(0)]/2 < 1, then

f €8 (7),0 <7 <1 whenever 0 < A < G-t

Proof. As f € N(A\). Then, from (3.5) and in view of (3.3) and (3.7), we obtain

zf'<z):f’(z) (fé>) LA A log(1/t)dt

z - 1 w(tz ’
f(z) e 1—agz — 2 [ 22 (log(1/t))2dt

we B and z€ E. (3.12)

Now f € §*(7) is equivalent to the condition:

ﬁ (ZJ{C((Z’? - 7) 44T, forall T€R and z € E. (3.13)

Using (3.12) in (3.13), we get

01 1 [

/ witz) <1og<1/t>>2dt} 4 (1),

t2
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or equivalently,

1 { / ) log(1/£)dt + (—agz -2 /O 1 ulte) (log(l/t))zdt)}
%13? { / log 1/t)dt — <—a2,z — %/01 wiiz) (log(l/t))2dt)}

. {1 s — %/0 itz) (log(1/1))%d } 41 (3.14)

If we denote the left-hand side of (3.14) by H(w, T, z) and let

M= —sup [Hw,T,z2)|

TeRweB,zeE

then, in view of the rotation invariance property of the space By, we see that f € S*(y) if

M < 1. It can be seen that

A
M< sup —
weBy,2€EE 2

) /0 wgz) log(l/t)dt‘*'%/o wgz)(]og(l/t))th‘+|a2||z|

+ ‘1 — |as||z| — g /01 wgz) <log<1/t))2dt’

g

“’E;Z) log(l/t)dt—% /0 iz;z) (log(l/t))2dt‘

A

Using the Parallelogram Law: |z + 25| + |21 — 22| < 24/]21|? + |22|?, we have

2

g(1/t)dt

2

M <)\ sup [ +'1/0 wgz)(log(l/t))zdt ]

weB,z€E

o+ (1Dl + 95 \ [ o outajrar.

As w € By, so using the fact |w(z)| < |z|* in E, we get

M < Asup \/(/01 log(l/t)dt)2 + (/01 %(log(l/t))th)2|z‘2

#+ el + 2 ( [ doata/oPar) 27,

=AV2+ )22+ + (1 +7)|az|2]

Thus (3.13) (or 3.14) holds if 0 < A < W O
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Corollary 3.8. Let f(z ) = 2 + ay2? +a323 + -+ be in N(N) and as = f"(0)/2 = 0. Then
fes ),

Choosing v = 0 and ay = f”(0)/2 = 0 in Theorem 3.7, we have the following

f+

Corollary 3.9. Let f(z) = z+az2® +asz" -+ be in N'(\) then f € S* provided 0 < X < .

Theorem 3.10. Let f € U be of the form z/f(z) = 14+ " byz" and g(z) = 1 f(rz),z € E.
Then g € N for 0 < r < ry, where vy =~ 0.4913 is the unique positive root of the equation

2r'% + 6r° + 21r° — 9r* + 517 — 1 = 0. (3.15)

Proof. Since f € U and has the form

z
E .16
F6) = Trymegg € F (316)
Therefore, by Lemma 2.1, we have
> (n=17p)> < 1. (3.17)
n=2

Using (3.16), for 0 < r < 1, we can write

IfT +Zb7“

In view of Lemma 2.2, we need to show

Z(n —1)*b,r™| < 1, for 0 <7 <.

n=2

Now, in view of Cauchy-Schwarz inequality and (3.17), we have

oo o0 172 /7 1/2
> (n =1l < (Z(n - 1)2]bn]2> (Z(n - 1)47“2”)

n=2 n=2 n=2

. 1/2
(B

n=

<1

— )

2
(102 4 10t rf)\
1—r2)p

provided 0 < r < ro. Using Mathematica, One can verify that Y -, (n — 1)*?" =

T4(1+1(11Tj;1)1;4+r6) and that equation (3.15) has only one positive real root in (0, 1). O
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